Introduction

Considerable
is generally understood, of course, that accuracy is improved when the number of mesh points in a fixed computational domain is increased. Associated with an increase in the number of mesh points, however, are increased computer run times and memory costs, which are proportional to the number of mesh points. Hence, for efficiency, it is important to enrich meshes locally based on the numerical solution, in contrast to using globally fine meshes, to minimize the total number of mesh points and hence minimize the cost for a given spatial accuracy. The methods of mesh adaption can he separated into three general categories:
(1) mesh regeneration, (2) mesh movement, and (3) mesh enrichment. The first method, mesh regeneration, places the work of adapting the mesh on the mesh generation program rather than on the actual numerical solution procedure of the governing equations.
In this method, a solution is first obtained, and regions of relatively large discretizatien errors are detected.
A new mesh is then generated to concentrate points in regions where the large discretization errors occur. This new mesh may contain more _" fewer points than the original mesh. For the second method, mesh movement, the number of points in the computational domain remains fixed. To resolve more accurately the solution spatially, these points are moved into regions where solution gradients are relatively large. In general, this can he accomplished by two different ways. The first way models the mesh as a spring network, where points are joined by linear springs with spring stiffnesses proportional to solution gradients. The mesh is then allowed to move into the relatively high gradient regions to produce effectively a locally finer mesh. The second way uses forcing functions in a Poisson-equation grid generator to redistribute points. Either method of mesh movement is easily implemented within existing solution algorithms because only the locations of the existing mesh points are changed. The final method of spatial adaption is mesh enrichment. In this method points are added to regions of relatively large solution error by dividing locally the cells which make up the mesh or by embedding finer meshes in these regions. This method differs from mesh regeneration and movement in that the mesh is made finer in local regions while the global mesh topology remains the same. The method of mesh enrichment is also generally regarded as having advantages over regeneration and movement, especially for transient problems, because of the higher degree of flexibility in being able to add points where they are needed and to remove points where they are not needed. The disadvantage, however, is that the implementation of mesh enrichment involves significant modification to existing solution algorithms.
For the Eulcr and Navier-Stokes equations, computational fluid dynamics algorithms are being developed based on spatial adaption methods.
With these equations, relatively large spatial discretization errors may be encountered with flow features such a:_ shock waves, shear layers, boundary layers, and expansion fans. These flow features can be resolved more accurately using the adaption methods mentioned above. Nakahashi et at2 for example, has used tension and torsional springs to move the mesh into regions where relatively large spatial discretization errors occur. This mesh movement approach showed considerable versatility for the problems treated. However, various constants were needed to control orthogonality and smoothness, and direct control of an optimal mesh adaption procedure was generally not possible. Further examples of spatial adaption methods include the work of Usab and Murman) In Ref. 3, embedded meshes of quadrilateral cells and nodes were used in regions of the mesh where shock waves occurred. This approach improved the spatialaccuracy of the numerical method which resulted in highly accurate solutions for steady flow problems. Dannenhoffer and Baron 4.5 extended the work in thi's area using irregularly shaped embedded regions, which were coupled to the base mesh by a multiple.grid solution algorithm. Several other examples of spatial adaption include methods which use flow solvers based on unstructured triangular and tetrahedral meshes in two and three dimensions, respectively. Peraire et al. 6'7used mesh regeneration coupled with a finite element solution algorithm to sharply capture shock waves and complex shock structures.
Lohner et at.s-|3 have developed a procedure to locally enrich the mesh for transient flow problems by dividing elements which make up a base mesh to capture shock waves. Further, in this procedure, elements may be removed (coarsened) from the mesh if they are not necessary to produce a given level of spatial accuracy.
With respect to solution algorithms based on unstructured meshes, the resultspublished by the authors14demon-strated that these algorithms produce s_y and unsteady solutions of comparable accuracy to results obtained using structured-grid solution algorithms. The two sets of results presented in Ref. 14 were obtained using meshes of comparable density, and mesh adaption was not used. Solutions of higher spatial accuracy are indeed possible through the use of mesh adaption. Therefore, the purpose of this paper is to report on modifications to the two-dimensional unstructuredgrid upwind-type Euler code of Batinats to include mesh enrichment and coarsening procedures. The objectives of the research arc as follows: (1) to develop time-accurate enrichment and coarsening procedures for spatial adaption, (2) to lest the procedures by performing steady and unsteady calculations for a variety of cases, (3) to determine the accuracy of the spatially adapted solutions by making comparisons with published solutions produced by alternative methods and existing experimental data and (4) to assess the efficiency of the spatially adapted solutions by making comparisons of required computer resources. The eventual goal is to develop a highly accurate and efficient solution algorithm for the Eulet and Navier-Stokes equations for aeroelastic analysis of complex aircraft configurations. The paper gives a detailed description of the mesh enrichment and coarsening procedures and gives a brief description of the solution algorithm of Ref. 15 for completeness. Steady and unsteady transonic results are presented for the NACA 0012 airfoil to demonstrate applications of the spatial adaption procedures. The unsteady flow results for the NACA 0012 airfoil were oblained for the airfoil pitching harmonically about the quartet chord.
Upwind-Type Euler Solution Algorithm
The unsteady Euler equations are solved using the twodimensional upwind-type solution algorithm developed by Batina) 5 The solution algorithm, which is a cell-centered finite-volume scheme, is-17 uses upwind differencing based on flux-vector splitting similar to upwind schemes developed for use on structured meshes. The present unstructured grid algorithm is thus referred to as an upwind-type solution algorithm. The spatial discretization of this algorithm involves a so-called flux-split approach based on the flux-vector splitting of van Leer.18 The flux-split discretization accounts for the local wave-propagation characteristics of the flow and captures shock waves sha_ly wiifi at nitSt one grid point within the shock structure. A further advantage is that the discretization is naturally dissipative and consequently does not require additional artificial dissipation terms or the adjustment of free parameters to control the dissipation. However, in calculations involving higher,order upwind schemes, oscillations in the solution near shock wa_,es are expected to occur. To eliminate these oscillations, flux limiting is usually required. In the present study, a continuously dil'ferentiable flux limiter was employed. 15-t7
The Euler equations are integrated in time using an implicit time-integration scheme involving a Gauss-Seidel relaxation procedure. |5 The relaxation procedure is implemented by reordering the elements that make up the unstruc. tured mesh from upstream to downstream. The solution is obtained by sweeping two times through the mesh as dictated by stability considerations. 
where the nodal value qo is computed using the cell weights wi. Several different weights have been used in this proce- 
The weights were thcn determined by defining
is a cost function. The cost function C was minimized to keep the weights close to unity by solving an optimization problem given the constraints of Eqs. (3) and (4). The optimization problem was solved using the method of Lagrange multipliers where Awi was given by
The solution yielded Lagrange multipliers, defined by
where
Note that the weights were computed solely from the distance between node locations and no special treatment was required near mesh boundaries.
Modifications were made to this procedure for comput- 
Spatial Adaption Procedures
In this section, the spatial adaption procedures are described in detail. These descriptions include explanations of the flow feature detection and the procedures used to enrich and coarsen the mesh.
Flow Feature Detection
The first step of the spatial adaption procedure is the detection of regions of relatively large discretization error so that the computational mesh can be locally enriched to improve the spatial accuracy or locally coarsened to reduce the computational costs. These regions generally occur near flow features such as shock waves, stagnation points, slip lines, and expansion fans for the Euler equations, where the dominant flow feature for the cases considered in this study is a shock wave.
There are a number of flow parameters that can be used for enrichment indicators based on the detection of shock waves. Parameters such as density, pressure, or total velocity are useful since these quantities are discontinuous through shocks. For example, first or second, divided or undivided differences in one of these parameters, similar to the work by Dannenhoffer and Bm'on, 4 can be used to detect shock waves.
A specific example of an enrichment indicator is the magnitude of the density gradient IVpl which is often used to detect shock waves for steady flow problems.
However, for unsteady flows, a measure of the temporal as well as the spatial variation of the solution is needed. For this reason, the absolute value of the substantial derivative [°o-_t [ was used as an enrichment indicator, since of density it is the sum of the local rate of change _ as well as the convective rate of change ft. Vp of density. The substantial derivative of density can also be written as
where the first two terms on the right-hand-side of Eq. (17) Mesh enrichment is performed by using the enrichment indicator to determine if a cell is to be subdivided into smaller cells. To accomplish this, the enrichment indicator is computed for each cell and compared with a preset threshold value to determine whether a cell should be subdivided. If the threshold is exceeded, a new node is created at the midpoint of each edge of the triangular cell, and the cell is subdivided into four smaller cells. Special care must be taken, however, when an edge that is to be bisected lies on a boundary of the mesh, since the midpoint of the edge does not generally lie on the boundary. In this case, the location of the new node is determined by using a parametric spline of the boundary coordinates. Figure 3 shows an example of the coarsening procedure where the dashed lines represent cells formed by a previous enrichment of the mesh.
In Fig. 3(a) , cells which are candidates for removal are denoted by a "1". The marked cells are then used to determine nodes that are candidates for removal.
As shown in Fig. 3(b) , the candidate nodes that may be removed are nodes that are surrounded by cells that are candidates for removal (identified by the "ones" in Fig. 3(a) ). Cells that are to be removed from the list of candidates are determined by searching the tree data structure that stores the mesh enrichment history. Cells for removal are cells that came from type-2 or type-4 elements and are subsequently marked for removal. Once the nodes and elements have been Fig. 4(a) . This leaves only the one original cell that was previously divided into four. Similarly, if two of the three nodes that form the inner triangle are candidate nodes, the two nodes are removed and a type-2 element is formed as shown in Fig. 40) ). If only one of the candidate nodes is marked then nothing is done. For a type-2 element there is only one node that may be removed which is the midpoint of a previously bisected edge. Removal of this node leaves only the cellthat was originally divided into two as shown in Fig. 4(c • " f type=4 (a) three nodes removed tom element.
(b) two nodes removed from type-4 element.
(c) on_ node removed from type-2 element. Table 1 .
The present results are shown at the bottom of Table 1 (Fig. 6(a) ) that was used for the non-adapted steady flow result. During the course of the calculation, the mesh was spatially adapted every 10 time-steps using three levels of enrichment.
AGARD Case 3
Results were obtained for the airfoil pitching with an amplitude of az = 2.44°at Moo = 0.599 and a0 = 4.860 (referred to as AGARD case 3). Figure 9 shows the instantaneous adapted meshes and Fig. 10 shows the corresponding instantaneous density contour lines (Ap = 0.02).
Upper surface -Calculated ----Lower surface -Calculate_! The instantaneous meshes and density contour lines during the third cycle of motion were plotted at eight points in time. In each plot, the instantaneous pitch angle _(r) and the instantaneous angular position in the cycle kr are noted.
The instantaneous meshes (Fig. 9) clearly indicate the enrichment in regions near the shock wave on the upper surface of the airfoil and near the stagnation points. Figure 9 also shows that regions of the mesh near the moving shock and in the wake of the airfoil have been enriched and then coarsened throughout the cycle of motion. Specifically, the instantaneous mesh in Fig. 9 at kr = 26* shows that the enrichment indicator works well for detecting the developing shock wave on the upper surface as is further shown in the density contours (Fig. 10) . These density contours during the cycle demonstrate the ability of the spatial adaption procedures to produce sharp transient shock waves. The corresponding surface pressure distributions during the third cycle of motion arc shown in 2.
-Cp 10" This factor does not include the computational overhead of the spatial adaption procedure, however, which was approximately 7% of the total CPU time.
AGARD Case 5
Results were oblained for the airfoil pitching with an amplitude of _1 -2.510 at Moo = 0.755 and _o = 0.016 o (referred to as AGARD case 5). Figure 12 shows the instantaneous adapted meshes and Fig. 13 shows the corresponding instantaneous density contour lines (Ap = 0.02). The instantaneou_ meshes and density contour lines during the third cycle of motion were plotted at eight points in time.
In each plot, the instantaneous pitch angle a(r) and the instantaneous angular position kr in the cycle are noted. The instantaneous meshes (Fig. 12) clearly indicate the enrichment in regions near the shock waves and near the stagnation points. They also show coarsened regions where previously enriched regions have relatively small flow gradients. The density contours during the cycle (Fig. 13) Further, the computational savings factor does not include the computational overhead of the spatial adaption procedure which was approximately 7.5% of the total CPU time.
Concluding Remarks
Spatial adaption proc&lures fofthe accurate and efficient solution of steady and unsteady inviscid flow problems were described. 
